We prove the indecomposability of Galois representation restricted to the p-decomposition group attached to a non CM nearly p-ordinary weight two Hilbert modular form under mild conditions.
In this paper we need to put the following technical condition on f when the degree of F over Q is even: there exists a finite place v of F such that π v is square integrable (i.e. special or supercuspidal) where π f = ⊗ v π v is the automorphic representation of GL 2 (F A f ) associated to f . Then the main result of this paper is: Theorem 1. If f does not have complex multiplication, then ρ f | Dp is indecomposable.
We will state this theorem in a little more general way as Theorem 5 in Section 5 and give a proof there. Under our assumption on f , there exists a quaternion algebra B over F and a new form g on B such that if π g = ⊗ vπv is the automorphic representation of B × A = (B ⊗ Q A f ) × associated to g, then π v ∼ =πv for all finite places v of F which splits in B. Then from [13] Theorem 4.4, we can find an abelian variety A f /F and a homomorphism K field K f whose degree equals to the dimension of A f , such that the Galois representation ρ f comes from the p-adic Tate module of A f . Hence the problem is purely geometric. The key ingredient in the proof is a recent result by Hida on local indecomposability of Tate modules on certain abelian varieties ( [21] ). We need more notations before we state his result. Let A /k be an abelian variety over a number field k and ι : O L → End(A /k ) be a homomorphism where O L is the integer ring of a totally real field L whose degree over Q equals to the dimension of A /k . Assume further that there exists a prime P of k over a rational prime p unramified in k and L such that A /k has good reduction at P, and there exists a prime p of L over p such that the reduction A P of A at P has nontrivial p-torsion points. Then Hida's result can be stated as follows: if the abelian variety A /k does not have complex multiplication, then the Tate module T p (A) is indecomposable as an I P -module, here I P is the inertia group of Gal(Q/k) at P. Hida's result has intimate relationship with the problem we want to work on. But we cannot apply his result directly to the study of Hilbert modular Galois representations mainly due to the following two reasons:
1. The Hecke field K f may be a CM field instead of a totally real field, and in this case the field K ′ f cannot be totally real. In section 1 we give a careful study of the endomorphism algebras of abelian varieties of GL 2 -type, and prove that we can always replace K ′ f by a totally real field with the same degree over Q. Later (in Section 5) we will prove that this change of fields does not affect our study of local indecomposability.
2. In Hida's result, it is assumed that the rational prime p is unramified in the fields k and L. But in the Hilbert modular case, we have no control on the ramification of p in the Hecke field K f and the rational prime p could ramify in the totally real field F . The assumption that p is unramified in L is to guarantee that the abelian variety sits in the Hilbert modular Shimura variety for GL 2/L . In particular it is required that the Lie algebra Lie(A /O (P) ) is free of rank one over
is the localization of O k at the prime P). When p is ramified in L, this condition may fail on the special fiber of O (P) . Thus we change the definition of p-integral models of Hilbert modular Shimura varieties by the one studied by Deligne and Pappas in [6] . We will recall the notion of abelian variety with real multiplication we want to work with in section 2, and give the precise definition of the Hilbert modular Shimura variety in section 3. We also prove that under these definitions, the abelian variety A f /F gives rise to a point in the Shimura variety. The assumption that p is unramified in the field k is only used in Hida's construction of eigen-coordinates (see [21] section 4). We prove in section 4 that his construction works well even if p is ramified in the field k.
We prove the main result in Section 5, and we give an Λ-adic version of our result by applying an argument in [11] ,which generalizes the result of [2] unconditionally when the degree [F : Q] is odd and when the degree [F : Q] is even, we need to assume that at some finite place v of F , the representation π v is square integrable (see the explanation above Theorem 1). At the end we explain how our result can be applied to study a problem of Coleman.
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Notations: Throughout this paper, we use F to denote a totally real field with degree d over Q and use O F to denote its integer ring. Let D = D F/Q be the different of F/Q and d F = N orm F/Q (D) be its discriminant. For any prime p of O F , let O p (resp. F p ) be the completion of O F (resp. F ) with respect to p.
Fix an algebraic closureQ of Q. For each rational prime p, we fix an algebraic closureQ p of Q p and an embedding i p :Q →Q p . We also fix an algebraic closureF p of the prime field F p . Let W p = W (F p ) be the ring of Witt vectors ofF p , and K p be its quotient field. Then K p can be identified with the maximal unramified extension inQ p /Q p . 
..,τ s ′ }, whereτ i is the complex conjugation of τ i for i = 1, ..., s ′ . Then we have an isomorphism
Let π i be the composition
where the map π i is the i-th projection, for i = 1, ..., s ′ . Letπ i be the complex conjugation of π i . Then {π 1 , ..., π s ′ ,π 1 , ...,π s ′ } are all the absolutely irreducible (complex) representations of D 1 (up to isomorphism).
On the other hand, we have a representation of D 1 by ρ 1 : D 1 → End C (Lie(B) ⊗Q C). Let r i (resp. s i ) be the multiplicity of π i (respπ i ) in ρ 1 . Then for any z ∈ Z, the trace of ρ 1 (z) is given by the formula:
e , we have the representation ρ :
Since Z ⊆ E and the homomorphism E → End 0 (A /Q ) factors through End 0 (A /k ), we have Tr(ρ(z)) ∈ k, for any z ∈ Z. From [31] Section 4, we have r i + s i = 2, for all i = 1, ..., s ′ . Thus for each i, either r i = s i = 1 or r i · s i = 0. If r i · s i = 0 for at least one i, then Tr(ρ(z)) cannot lie in the totally real field k for all z ∈ Z as Z is assumed to be a CM field. Hence r i = s i = 1 for all i. Then by [31] Proof of the lemma: We use an argument similar with the proof of Lemma 1.3.8 in [3] . It is enough to find a field extension F/Z with degree d such that F is totally real and splits
Let Σ be a non empty set of non-archimedean places of Z containing all the finite places where D does not split, and Σ ∞ be the set of archimedean places of Z. By the weak approximation theorem, the natural map:
has dense image. Hence we can find a monic polynomial f (X) ∈ Z[X] of degree d, such that it is sufficiently close to a monic irreducible polynomial of degree d over Z v for all v ∈ Σ, and it is sufficiently close to a totally split polynomial of degree d over R for all v ∈ Σ ∞ . Set F = Z[X]/(f (X)). Then F/Z is a degree d field extension such that F is totally real and for any v ∈ Σ, there is exactly one place w of F lying over v and hence F w /Z v is a degree d extension of local fields. We still need to check that F splits D. Since D ⊗ Z F is a central simple algebra over F and F is a global field, it is enough to prove that for any place w of F (archimedean and non-archimedean), we have
Let v be the place of Z over which w lies. If w is archimedean, then Z v ∼ = F w ∼ = R, and hence 6) by our assumption on D.
If w is non-archimedean and v is not in Σ,then D ⊗ Z Z v is already isomorphic to the matrix algebra over Z v , so we are safe in this case.
Finally, assume that w is non-archimedean and v ∈ Σ. As F w /Z v is a degree d extension of local field, the base change from Z v to F w induces a homomorphism of Brauer groups Br(Z v ) → Br(F w ), which under the isomorphism Br(Z v ) ∼ = Br(F w ) ∼ = Q/Z by local class field theory, is nothing but multiplication by d.
Hereafter we always work with the pair (A /Q , ι : F → End 0 (A /Q )), where F is a totally real field with degree d over Q. Since the abelian variety A /Q is projective, we can find a number field k such that A is defined over k, and End(A /Q )) = End(A /k ). Let O k be the integer ring of k, and for all prime ideals P of O k over some rational prime p, let O (P) be localization of O k at the prime P and F P = O k /P be its residue field. As in [21] , we make the following assumption: (NLL) the abelian variety A /k has good reduction at P and the reduction A 0 = A⊗ O P F P has nontrivial p-torsionF p -points.
Change the abelian variety A /k if necessary, we can assume that ι gives a homomorphism ι : 
Here p ranges over the primes ideals of O F over p and for each p, let
be the p-divisible Barsotti-Tate group of A 0 . We also define
as the p-divisible Tate module of A 0 .
We say that a prime p of O F over p is ordinary if A 0 [p] has nontrivialF p -points, otherwise we say that p is local-local. When p is ordinary and p is unramified in k, we have an exact sequence of Barsotti-Tate O p -modules over W p :
Here
be the set of all ordinary primes of O F over p, and Σ ll p be the set of all local-local primes. Then the condition (NLL) is equivalent to the fact that Σ ord p is not empty. Also we define:
Abelian varieties with real multiplication
In this section we introduce the notion of abelian varieties with real multiplication (AVRM for short). Then we prove that by a change via an isogeny, we can make the abelian variety A /k considered in the previous section into an abelian variety of this type.
Fix an invertible O F -module L, with a notion of positivity L + on it: for each real embedding τ : F → R, we give an orientation on the line L ⊗ OF ,τ R. First we recall the following definition in [6] : 
linear and symmetric}
When L = c is a fractional ideal of O F with the natural notion of positivity, we call the isomorphism α : A ⊗ OF c → A t a c-polarization of A (see [25] 1.0 for more discussion). We also make the convention that for c ∈ c, the morphism λ(c) :
Remark 2.2. The fppf abelian sheaf A ⊗ OF L is the sheafication of the functor
This sheaf is represented by an abelian scheme over S, which is denoted by A ⊗ OF L. Hence the isomorphism α in (3) can be regarded as an isomorphism of abelian schemes over S. We remark here that the two conditions (DP) and (RA) in Definition 2.3 can be checked at each geometric point of the base scheme S. When the pair (A /S , ι) satisfies the condition (RA), we come to the notion of abelian schemes with real multiplication (by O F ) defined in [28] . As explained in [6] Here we remark that in [28] , the abelian scheme A /S is assumed to satisfy condition (RA). But this condition is not necessary in the proof of the above proposition. Now assume that S is normal and connected (e.g. S is the spectrum of the integer ring of a number field). Then from Proposition 2.4 we can find a projective O F -module M of rank 1 with a notion of positivity M + and a morphism ϕ : M → Hom Sym OF (A /S , A t /S ). To check this ϕ satisfies condition (3) in Definition 2.1, we still need to check that the morphism α : A ⊗ OF M → A t is an isomorphism. We can assume that S = Spec(k), where k is an separably closed field and we want to prove that α is an isomorphism of abelian varieties over k. Then it suffices to show that for any rational prime l, there exists 0 = λ ∈ M, such that deg(ϕ(λ)) is prime to l. In fact, for any α ∈ M, we have a natural morphism A → A ⊗ OF M whose effect on R-valued points is given by the formula (R is an k-algebra):
The composition of this morphism with α is ϕ(λ). Hence deg(α)| deg(ϕ(λ)). In particular, deg(α) is prime to l. As l is arbitrary, deg(α) = 1 and hence α is an isomorphism.
To prove the existence of λ, we apply an argument in [12] Chapter 3 Section 5: when char(k) > 0, by [28] 1.13, we can always lift the pair (A /k , ι) to an abelian scheme with real multiplication (Ã /W (k) ,ι) satisfying (RA). Here W (k) is the ring of Witt vectors of k. Hence we can assume that char(k) = 0. By Lefschetz principle, we can assume that k is the complex filed. Then the existence of λ follows from the complex uniformization [12] Chapter 2 Section 2.2.
The following proposition tells us that when S is a scheme of characteristic 0, condition (RA) and hence (DP) is automatically satisfied. Proposition 2.5. Let k be a field of characteristic 0, A /k be an abelian variety of dimension d, and
Proof. By Lefschetz principle we can again work over the complex field. Then the result follows from [12] Chapter 2, Corollary 2.6. Now we consider the object considered in Section 1. Let k be a number field, A /k be an abelian variety of dimension d satisfying the condition (NLL), and ι : F → End 0 (A /k ) be an algebra homomorphism. We want to prove that there is a c-polarized abelian variety A (recall that O (P) is the localization of O k at the prime P). Since O (P) is a normal domain, by a lemma of Faltings (see [8] Lemma 1), the restriction to the generic fiber induces a bijection End(A
), which is again denoted by ι ′ .
From Proposition 2.4, theétale sheaf Hom
) is a constant sheaf c for some fractional ideal c, with the natural notion of positivity c + . Thus we have a natural isomorphism ϕ : c → Hom
) which sends totally positive elements of c to polarizations of A
. We still need to check that the natural morphism α :
As char(k) = 0, by Proposition 2.5, α is an isomorphism at the generic fiber of O (P) . Hence α is an isomorphism again by Faltings lemma.
In summary, we have:
an algebra homomorphism. Then we can find a fractional ideal c and an
Remark 2.7. Let A /S be an abelian scheme of relative dimension d and ι : O F → End(A /S ) be an algebra homomorphism. By a similar argument as above, we see that if S is an integral normal scheme and the generic fiber of S is of characteristic 0, then the pair (A /S , ι) must satisfy the condition (DP).
For later discussion, we need the following:
Proof. Without loss of generality, we can assume that S = Spec(k) for some separably closed field k.
If char(k) = 0, then (A ′ /S , ι ′ ) satisfies (DP) automatically by Proposition 2.5. So we can assume that char(k) = p > 0. From the discussion of [12] Page 100−101, the pair (A /k , ι) can be lifted to characteristic 0; i.e., there exist:
1. a normal local domain W with maximal ideal m and residue field k such that the quotient field of W is of characteristic 0;
Replacing W by its m-adic completion if necessary, we can assume that W is complete.
Hilbert modular Shimura variety
Fix a finite set of primes Ξ. Set
, and O × (Ξ),+ as the set of totally positive units in O (Ξ) . Also we define:
where in the first inverse limit, n ranges over all positive numbers, and in the second inverse limit, n ranges over all positive integers prime to Ξ. Let A be the adele ring of Q. Then set
and (2)) and let Z be its center. K is an open compact subgroup of G( Z) which is maximal at Ξ, in the sense that
, where
4.η
(Ξ) is a K-rational level structure of the abelian scheme A /S (see Remark 3.3 below ).
An isomorphism from one quadruple
whose degree is prime to Ξ such that:
we have the equality of level stuctures:
Now we choose a representative I = {c} of fractional ideals in the finite class group
4.ᾱ (Ξ) is a K-integral level structure of the abelian scheme A /S (see Remark 3.3 below).

An isomorphism from one quadruple
3. we have an equality of integral level structures:
Remark 3.3. Here we briefly recall the notion of level structures on an abelian scheme with real multiplication. As in Definition 3.1 and 3.2, we fix an abelian scheme A /S and a homomorphism ι : O F → End(A /S ). Take a point s ∈ S and lets : Spec(k(s)) → S be a geometric point of S over s, where k(s) is a separably closed field extension of the residue field k(s) of S at the point s. Consider the prime-to-Ξ Tate module
where N runs through all positive integers prime to Ξ, and set V Ξ (As) = T Ξ (As) ⊗ Z Z Ξ , which is a free F A (Ξ∞) -module of rank 2. When N is invertible on S, the finite scheme A[N ] isétale over S. The algebraic fundamental group π(S,s) acts on A[N ](k(s)), and hence on T Ξ (As) and V Ξ (As). This action is compatible with the action of G(
We define a sheaf of sets ILV (Ξ) : (Sch /S )é t → Sets on theétale site of the category of S-schemes such that for any connected S-scheme S ′ , we have:
is independent of the choice of s ′ (see [17] Section 6.4.1). The group G( Z (Ξ) ) acts on the sheaf ILV (Ξ) through its action on the Tate module T Ξ (As′ ), and we denote by
Similarly we define another sheaf RLV (Ξ) : (Sch /S )é t → Sets such that for any connected S-scheme S ′ , we have:
and define the quotient sheaf RLV (Ξ) /K in the same way. Then a K-rational level structure of A /S is a sectionη (Ξ) ∈ RLV (Ξ) /K(S). Suppose that we have another abelian scheme A ′ /S and a homomorphism ι
′ is an O F -linear isomorphism of abelian schemes, the isomorphism f induces an isomorphism of Tate modules T (Ξ) (As) ∼ = T (Ξ) (A ′s ) for any geometric points of S. Hence f induces an isomorphism ofétale sheaves
) to denote its image under the isomorphism V (Ξ) (f ). We refer to [18] Section 4.3.1 for more discussion on this topic.
2 ), then we have a natural isomorphism of functors:
The proof is essentially given in [17] Section 4.2.1 so we omit the proof here. The only thing we want to remark here is that for any quadruple (A /S , ι,λ,η (Ξ) ) considered in 
whose degree is prime to Ξ such that it satisfies the first two conditions in Definition 3.1, and also
) induces an automorphism of the functor E ′ (Ξ) , and hence an automorphism of the Shimura variety Sh
by universality. We still denote this action by g.
For simplicity we denote the Shimuar variety Sh 
here the triple (A /R , ι R , φ R ) consists of an abelian A schemes over R, an algebra homomorphism ι R :
Define a functor DEF p : CL /Wp → Set by the formula:
is an isomorphism of Barsotti-Tate O F -modules over the special fiber Spec(F p ) of Spec(R).
For any triple ( 
We define two more functors DEF 
In fact, for any triple (A /R , ι R , φ R ) in D p (R), the level structureᾱ 0 (Ξ) on A 0 can be extended uniquely to a level structure on A /R . Then the functor D p , and hence the functor DEF p by Proposition 3.4, is represented by the the formal scheme 
from which we get a equivalence of functors between DEF p and DEF we consider here is not smooth. But from the Serre-Tate deformation theory, the formal scheme S ord p/Wp is always smooth, and this is the part we are interested in.
Eigen coordinates
Let k ⊆Q be a number field and Ξ be a finite set of primes. For each p ∈ Ξ, choose a finite extension K p of K p inQ p such that:
Denote by W p the integer ring of K p . Then define:
The ring W Ξ is a semilocal ring, and for each l ∈ Ξ, there is a unique maximal ideal m l with residue characteristic l. Let K Ξ be the quotient field of W Ξ .
Suppose that the quadruple (A / WΞ , ι,λ, η 
has nontrivialF p -rational points, then p splits into two primes PP in R with P =P.
As in [21] , we make the convention that we choose P such that A P [P] is connected and A P [P] isétale. By the above lemma, we have an isomorphism M ⊗ F F p ∼ = F p ×F p , such that the first factor corresponds to P and the second factor corresponds toP. As M can be naturally embedded into M ⊗ F F p , we have two embeddings from M to F p , which correspond to the two factors of F p × F p . We always regard M as a subfield of F p by the first embedding, while the second embedding is denoted by c : M ֒→ F p .
Let
is a prime-to-Ξ isogeny of A P/Fp , and hence induces an endomorphism of V (Ξ) (A P ). We still denote this endomorphism by θ P (α). Define a mapρ :
Fix a prime-to-Ξ polarization λ P of A P as a representative ofλ P . Under the isomorphism θ P , the Rosati involution associated to λ P on End 0 F (A P/Fp ) induces a positive involution on filed M . As M is CM, this involution must be the complex conjugation on M . Hence for any α ∈ R
is an isogeny from the quadruple (A P/Fp , ι P ,λ P , η
P )) in the sense of Definition 3.1; in other words, the automorphism g =ρ(α) of the Shimura variety Sh
Denote the formal scheme S p/Wp as the completion of the Shimura variety Sh 
By deformation theory, we have a Serre-Tate coordinate
ord . Then for each object R in the category CL /Wp , and an R-valued point x ∈ S p (R), the Serre-Tate coordinate gives us an element
, here m R is the maximal ideal of R. In particular, when R is a subring of C p , we can consider the p-adic logarithm log p : R → C p . Consider the following map:
Here the notation σ ∼ p means that the composite map i p • σ : F →Q p induces the prime p of F . For such σ, let π σ be the projection of Π σ:F →Q,σ∼p C p to its σ-factor. Then we get an element . (See the explanation after Lemma 4.1 for the two embeddings of M to F p ). Then by the construction of τ σ , we see that the action of g =ρ(α) on the function τ σ is given by the formula:
We remark here that i p • σ : F →Q p naturally extends to an embedding i p • σ : F p →Q p , and hence the expression i p • σ(α 1−c ) is well defined. As in [21] , the function τ σ is called aρ-eigen σ-coordinate. Now consider the original point x ∈ Sh (Ξ) ( W Ξ ), which is represented by the quadruple (A / WΞ , ι ,λ , η (Ξ) ).
Assume that we have a prime p ∈ Σ ord , such that the exact sequence of Barsotti-Tate O p -modules : 
The base change ω ⊗2 ⊗ WΞ K Ξ is an O F ⊗ Z K Ξ -module. By our construction of K Ξ , we have an isomorphism:
From this we have the decomposition:
Since the formation of the cotangent sheaf ω univ p over S p is compatible with arbitrary base change, by the Cartesian diagram:
As g =ρ(α) acts on the Shimura variety Sh
, g sends the bundle ω ⊗2 ⊗ WΞ K Ξ and hence each factorω ⊗2σ to the corresponding bundles over g(x). As g preserves (ω univ p ) ⊗2σ (x) for all σ ∼ p, it also preservesω ⊗2σ . In particular, g preservesω ⊗2σ1 .
at the point x l and acts on it by multiplication by i l • σ 1 (α). Hence g must act on the eigen coordinate τ σ1,l (x) by multiplying i l • σ 1 (α), and g preserves the sub-bundle of Ω S l /W l (x) generated by dτ σ1,l (x). If g sends x l ∈ Sh (Ξ) (F l ) to another point x ′ l = x l , the action of g has to move the deformation space S l over x l to the deformation space S 
, and hence establishes an isomorphism from the
is also a CM quadratic extension of F by Lemma 4.1, this embedding must be an isomorphism. Hence we get the desired isomorphism of F -algebras.
Main result on local indecomposability and applications
Let k be a number field. Suppose that we are given an abelian variety A /k and an algebra homomorphism ι : O F → End(A /k ). Assume that there is a prime ideal P of k over a rational prime p, such that A /k satisfies the condition (NLL) in section 1. Let I P be the inertia group of Gal(Q/k) at the prime P. Now we can state and prove the main theorem in this paper: Proof. From Proposition 1.1, the abelian variety A /Q is isotypic. Hence without loss of generality, we can assume that A /Q is simple.
Fix an embedding σ : F →Q such that the composition i l •σ induces the prime p. From [21] Proposition 7.1, the set {L|L is a prime of k over a rational prime l = p such that A /k has good reduction at L, and Σ ord l = ∅} has Dirichlet density 1. On the other hand, the primes l in F which splits completely over Q also has Dirichlet density 1, we can find a prime L of k over a rational prime l such that: For any prime q of F , we fix an isomorphism T q (A) ∼ = (O F,q ) 2 , and denote by r q : Gal(Q/k) → GL 2 (O F,q ) as the induced Galois representation on T q (A). Let q ′ be the prime of Z lying under q, and Z q be the completion of Z with respect to q ′ . Hence Z q can be identified with the closure of Z in F q . By Tate's conjecture over a number field, which is proved by Faltings (see [8] ), inside the algebra End 0 Zq (T q (A)) = End OZ,q (T q (A)) ⊗ OZ,q Z q , the algebra C q = Z q [r q (Gal(Q/k))] generated over Z q by the image of r q is the commutatant of
Since D q is either isomorphic to Z q or a central quaternion algebra over Z q , C q is also a central simple algebra over Z q and in the Brauer group Br(Z q ), the class of D q is the inverse of the class of C q . The order of the class of C q in Br(Z q ) is at most 2, and hence C q is either isomorphic to a quaternion division algebra over Z q or isomorphic to M 2 (Z q ).
We consider the case q = l. Since A /k has goode reduction at L, we can embed
. Under this assumption,we can apply an argument in [29] Chapter 4 to prove that the image Im(r) contains an open subgroup of
Choose a quadratic ramified extension K/Q l . Since F l /Q l is unramified, K and F l are linearly disjoint over Q l . Let L be the compositum field of K and F l . Define the torus T /O F,l of GL 2/O F,l as the norm 1 subgroup of Res OL/O F,l (G m ); i.e.
Hence T /O F,l is a maximal anisotropic torus of GL 2/O F,l . Since
Since the isomorphism classes of maximal torus in GL 2/O F,l is finite, the isomorphism class of the centralizer of α is determined by α mod p j , for some integer j large enough. In other word, if β ∈ SL 2 (Z l ), such that α ≡ β mod p j , then the centralizer T β of β is isomorphic to T α = T . By Chebotarev density, we can find a prime Q of k over a rational prime q = p, l, such that A /k has good reduction at Q and r(F rob Q ) ≡ α mod p j . Hence the commutator T r(F rob Q ) of r(F rob Q ) is isomrphic to T . Let M Q be the field generated over F by the eigenvalues of r(F rob Q ). By the above construction, l does not split in M Q , and hence M Q is not isomorphic to M L . Further by [21] Proposition 7.1, we can assume that Σ ord q contains the prime induce from i q • σ. Now define a finite set of primes Ξ = {p, q, l}. Hence the abelian variety A /k can be extended to an abelian scheme A / W k . From Proposition 2.6, replacing A /k by an isogeny if necessary, we can assume that the abelian scheme A / W k admits an O F -action ι : O F → End(A / W k ) and a c-polarization φ for some fractional ideal c of F . Then by choosing a integral level structure α Ξ of A, we get a quadruple (A / W k , ι, φ, α Ξ ), which represents a point in the Shimura variety
Now assume that the Tate module T p (A) is decomposable as an I P -module. Then the exact sequence of Barsotti-Tate O p -modules over W p :
splits. Then by Theorem 3, we must have isomorphisms of F -algebras:
. But this contradicts with our construction M Q ≇ M L . Hence T p (A) must be indecomposable as an I P -module.
Application to Hilbert modular Galois represenations
As the first application of Theorem 4, we study the Galois representation attached to certain Hilbert modular forms. First we recall the notions of Hilbert modular forms and Hecke operators.
Let I = Hom Q (F,Q), and let Z[I] be the set of formal Z-linear combinations of elements in I. Then Z[I] can be identified with the character group X(T ) of the torus T . Take k = (k σ ) σ∈I such that k σ ≥ 2 for all σ ∈ I and all the k σ 's have the same parity. Set t = (1, . . . , 1) ∈ Z[I] and n = k − 2t. Choose v = (v σ ) σ∈I such that v σ ≥ 0, for all σ, v σ = 0 for at least one σ, and there exists µ ∈ Z such that n + 2v = µt ∈ Z[I].
Recall that in Section 3 we define the algebraic group G = Res OF /Z (GL 2 ) and
In the last product, p ranges over all the prime ideals of O F and O F,p is the completion of O F at p. Let F A = F ⊗ Z A be the adele ring of F . We can decompose the group G(F A ) as the product G ∞ × G f , where G ∞ (resp. G f ) is the infinite (resp. finite) part of G(F A ), and for each u ∈ G(F A ), we have the corresponding decomposition u = u ∞ u f .
Let h be the complex upper half plane and i = √ −1 ∈ h. Let h I be the product of d copies of h indexed by elements in I and z 0 = (i, . . . , i) ∈ h I . Define a function j : G ∞ × h I → C I by the formula:
Definition 5.1. Define the space of Hilbert modular cusp forms S k,w (U ; C) as the set of functions f : G(F A ) → C satisfying the following conditions:
and additive Haar measure da on F A /F .
When F = Q, we also add the following condition: the function |Im(z)
Fix an integral ideal m of F , we define three open subgroups of GL 2 ( O F ):
where {x i } is a set of representatives of the left cosets U \U xU ′ ; i.e., we have U xU ′ = U x i and when we consider the action f | k,w x i , we regard x i ∈ G f as an element in G(F A ) such that its infinite part consists of d copies of identity matrices. For all prime ideal q of F , fix a uniformizer π q of F q , and define the Hecke operator
where
is the finite idele whose q-component is π q and all the other components are 1. For each
, and define the Hecke operator
Let f ∈ S k,w (m, C) be a normalized Hilbert modular eigenform in the sense that for any prime ideal q of F , there exists c(q, f ) ∈Q and d(q, f ) ∈Q such that T (q)(f ) = c(q, f ) · f and q (f ) = d(q, f ) · f . Let K f be the field generated over Q by all the c(a, f )'s and d(a, f )'s. Shimura proved that K f is a number field which is either totally real or CM. Denote by O f the integer ring of K f .
For such an f , let π f = ⊗π v be the automorphic representation of GL 2 (F A f ) on the linear span of all the right translations of f by elements of GL 2 (F A f ), here F A f is the finite adele of F ,and π v is a representation of GL 2 (F v ) for each finite place v of F . We assume that one of the following two statements holds:
2. there exists some finite place v of F such that π v is square integrable.
For such an eigenform f , the following result is known (see [18] Theorem 2.43 for details and historical remarks). For each prime λ of O f over a rational prime p, there is a continuous representation ρ f,λ : Gal(Q/F ) → GL 2 (O f,λ ), which is unramified outside primes dividing mp such that for any primes q ∤ mp, we have:
Here O f,λ is the completion of O f at λ, F rob q is the Frobenius of Gal(Q/F ) at q,and for any ideal b of O F , N b is the cardinality number of the ring O F /b. Fix a prime p of O F over a rational prime p, let D p (resp. I p ) be the decomposition group (resp. inertia group) of Gal(Q/
We would like to prove the following: As c(p, λ) is a unit mod λ, the abelian variety A f has potentially semistable reduction at p by the lemma in [33] Section 2. More precisely, if we denote by F ψ the number field corresponding to the character ψ by class field theory, then A f has semistable reduction over F ψ . In fact, choose a prime λ ′ of O f over a rational prime l = p and consider the λ ′ -adic representation ρ f,λ ′ . When p does not divide the level m, the abelian variety A f has good reduction at p because the representation ρ f,λ ′ is unramified at p. If p divides m, one can consider the complex representation σ p of the local Weil-Deligne group W ′ Fp of F at p associated to ρ f,λ ′ (see [32] ). Then by a result of Carayol [4] , we have an isomorphism π(σ p ) ∼ = π p , where π(σ p ) is the representation of GL 2 (F p ) associated to σ p under the local Langlands correspondence. In particular, the Euler factor L(π p , s) of the L-series at p is given by (1 − c(p, f )N p −s ) −1 . As c(p, f ) = 0 by assumption, L(π p , s) is nontrivial. Hence π p is either a special representation σ(α p , β p ) or a principal series representation π(α p , β p ), where α p , β p are two quasi-characters of F × p . In the first case, from [33] Theorem 2.2, the reduction of A f at p is purely multiplicative. From the uniformization result in [27] , ρ f,λ | Ip∩Gal(Q/F ψ ) is indecomposable. As I p ∩ Gal(Q/F ψ ) is a subgroup of I p with finite index, and char(K f ) = 0, the representation ρ f,λ | Ip is also indecomposable. In the second case, as the Euler factor L(π p , s) = 1, one of the quasi-characters α p , β p is unramified. By comparing the determinant of the two representations π p and σ p , we see that the product ψ −1 p α p β p is unramified, where ψ p is the p-component of the idele class character ψ. Hence over F ψ , both quasi-characters α p and β p are unramified. Then from the criterion of Néron-Ogg-Shafarevich, the abelian variety A f has good reduction over F ψ at p.
From now on we assume that A f has good reduction over F ψ . From Proposition 1.2, we see that A f /Q is isotypic; i.e. there exists a simple abelian variety B /Q such that there exists an isogeny ϕ : A f → B e for some integer e ≥ 1. This isogeny induces an isomorphism of simple algebras i : End 3. the isogeny ϕ is defined over M .
Under the above notations, the isogeny ϕ gives an isomorphism of p-adic Tate modules 
). By the same argument as above, we can find a finite extension M/F ψ such that we have an isomorphism of p-adic Tate modules:
which is equivariant under the action of Gal(Q/M ).
As B e /M is isogenous to A f /M , B /M has good reduction at a prime p ′ of M over the prime p of F . By Theorem 4, for any place λ B of F B such that the λ B -divisible Barsotti-Tate module of B /M is ordinary, the corresponding λ B -adic Tate module is indecomposable as a Gal(Q/M ) ∩ I p -module. By the above isomorphism of Tate modules, we see that ρ f,λ | Gal(Q/M)∩Ip is indecomposable. Since Gal(Q/M ) ∩ I p is a subgroup of I p with finite index, and char(K f ) = 0, the representation ρ f,λ | Ip must be also indecomposable.
From Theorem 5, we can prove a result on local indecomposability of Λ-adic Galois representations. First we briefly recall the definition of ordinary Hecke algebras defined in [14] Section 3.
Let Φ be the Galois closure of F inQ. The embedding i p :Q →Q p induces a p-adic valuation on Φ and we denote by O Φ the valuation ring. Let K be a finite extension of the p-adic closure of Φ inQ p , and O K be the valuation ring of K. Let F ∞ /F be the maximal abelian extension of F unramified outside p and ∞, and Z be its Galois group. Let Z 1 be the torsion free part of Z. Let Λ = O K [[Z 1 ]] be the continuous group algebra of Z 1 over O K . Then Λ is (noncanonically) isomorphic to the formal power series ring of 1 + δ variables over O K , where δ is the defect in Leopoldt's conjecture. Let χ : Gal(Q/F ) → Z × p be the cyclotomic character. The restriction of χ to Z 1 gives a character of Z 1 , which is still denoted by χ. For any integer k ≥ 2 and a finite order character ǫ :
For any two open compact subgroups U, U ′ of G f and x ∈ G f , we have the modified Hecke operator defined in [14] Section 3:
For each prime ideal q of F , set
where β q is the same as in the definition of T (q).
Fix an integral ideal n of F which is prime to p, and for each integer α ≥ 1, set S k,w (np
we have the p-adic ordinary projector e α = lim n→∞ T 0 (p) n! and we have the ordinary Hecke algebra h
, and we define
Form [14] 
irreducible component of h and let F : h → Λ L be the corresponding homomorphism. Then Λ L is finite free over Λ, and the quotient field L of Λ L is a finite extension of the quotient field of Λ. Let P be aQ p -valued point of Λ L , and let ϕ P : Λ L →Q p be the corresponding homomorphism. The point P is called an arithmetic point if ϕ P is an extension of κ k,ǫ for some k and ǫ. If P is an arithmetic point, then the composition ϕ P • F : h →Q p gives the Hecke eigenvalues of a classical Hilbert modular form f of weight k and tame level n. We also say that the Hilbert modular form f corresponds to P , and f belongs to the family F . We say that F has complex multiplication if there exists an arithmetic point P in F , such that the corresponding Hilbert modular form has complex multiplication. Once this is the case, then for all arithmetic point in F , the corresponding Hilbert modular form also has complex multiplication.
It's well known that there is a 2-dimensional Galois representation ρ F : Gal(Q/F ) → GL 2 (L) attached to F such that for each prime p of F over p, the restriction of ρ F to the decomposition D p is upper triangula;i.e. ρ F | Dp is of the shape: The proof follows essentially from the argument in [11] Theorem 18. For the sake of completeness, we give a proof here.
Proof. By the assumption and Theorem 5, the representation ϕ P • ρ F | Dp is indecomposable. Hence ρ F | Dp is indecomposable either. Define c p = ε 
nontrivial. Since Λ L is finite over Λ, the residue field of Λ L is finite and let q be its order. Let E 1 be the compositum of the finitely many tamely ramified abelian extension of F p whose order divides q − 1, and E 2 be the maximal abelian pro-p-extension of F p . Denote by E the compositum field of E 1 and E 2 and set H = Gal(Q p /E) ⊆ D p . Then the characters δ p and ε p are trivial when restricted to H. Hence the restriction of ρ F to H is of the shape:
p )), the homomorphism λ : H → Λ L is nontrivial. Let I be the ideal of Λ L generated by λ(H). Then I is nonzero and I defines a proper closed subscheme S of Spec(Λ L ). If f is a classical Hilbert modular form in F , then ρ f | H is decomposable if and only if f corresponds an arithmetic point in S. Hence for any arithmetic point P of F outside S, which corresponds to the modular form f , the representation ρ f | H , and hence ρ f | Dp is indecomposable. which induces a homomorphism κ n,v,ε : Λ ′ →Q p . We briefly recall the definition of nearly ordinary Hecke algebras defined in [15] Section 1. For any α ≥ 1, set U α = U 1 (n) ∩ U (p α ), and let k,w (np α ; O Φ ) be the O Φ -subalgebra of End C (S k,w (np α ; C)) generated by all the Hecke operators (U α xU α ) for x ∈ U 0 (np α ) over O Φ . 
L be the corresponding homomorphism. We know that Λ ′ L is free of finite rank over Λ ′ . AQ p -rational point P ∈ Spec(Λ ′ L )(Q p ) is called an arithmetic point if the corresponding homomorphism ϕ P extends κ n,v,ε for some n, v. For such an arithmetic point, the composition ϕ P • (F ) gives the eigenvalues of a Hilbert modular form of weight (k, w) and tame level m.
For such an F , we have a two dimensional Galois representation ρ F : Gal(Q/Q) → GL 2 (Λ ′ L ) such that for any prime p of F over p, the restriction ρ F | Dp is upper triangular. Similarly with Theorem 6, we have the following result: 
Application to a problem of Coleman
In the rest of this paper, we work with elliptic modular forms. Let p > 3 be a prime number and N be a positive number prime to p. For each integer k we use M † k (Γ 1 (N )) (resp. S † k (Γ 1 (N ))) to denote the space of overconvergent p-adic modular forms (resp. cuspforms) of level N over C p (see [24] for the definitions). In [5] N ) ) such that if F (q) = Σ n≥0 a n q n is an overconvergent modular form, then U (F )(q) = Σ n≥0 a pn q n . Recall that if F is a generalized eigenvector for U with eigenvalue λ in the sense that there exists some n ≥ 1 such that (U − λ) n (F ) = 0, then the p-adic valuation of λ is called the slope of F . From [5] Lemma 6.3, if f ∈ S † k (Γ 1 (N )) is a normalized classical eigenform of slope strictly smaller than k − 1, then f cannot be in the image of θ k−1 . On the other hand, a classical eigenform cannot have slope larger than k − 1. Then it remains to consider the remaining boundary case; i.e. overconvergent modular forms of slope one less than the weight. In [5] Proposition 7.1, Coleman proved that for k ≥ 2, every classical CM cuspidal eigenform of weight k and slope k − 1 is in the image of θ k−1 . Then he asked whether there is non-CM classical cusp forms in the image of θ k−1 . Since the only possible slope for new forms of weight k is k 2 − 1 (see [9] Section 4), it's enough to consider old forms. Let g = Σ n≥1 a n q n be a classical normalized eigenform of level N and weight k ≥ 2. Denote by K g = Q(a n |n = 1, 2, . . .) the Hecke field of g, which is known to be a number field. For each prime p of K g over the rational prime p, it induces an embedding i p : K g →Q p and let v p be the corresponding valuation on K g . Then we can regard g as a modular form overQ p by i p . As explained in [9] Section 4, one can attach to g two oldforms on Γ 1 (N ) ∩ Γ 0 (p) whose slopes add up to k − 1. When the eigenform g is p-ordinary; i.e. v p (a p ) = 1, one of the associated oldforms has slope 0 and the other has slope k − 1 . We denote the latter oldform by f . What we can prove is the following: Proposition 5.2. Let g be a weight two normalized classical cusp eigenform on Γ 1 (N ) with the Hecke field K g . Suppose that there exists a prime p of K g over the rational prime p such that g is p-ordinary, and the associated slope one oldform f is in the image of the operator θ. Then g is a CM eigenform.
Proof. Let ρ g,p : Gal(Q/Q) → GL 2 (K g,p ) be the p-adic Galois representation attached to g. As explained in [7] Proposition 1.2 or [10] Proposition 11, when f is in the image of θ, the restriction of ρ g,p to an inertia group I p of Gal(Q/Q) at p splits as the direct sum of the trivial character and the character χ p , where χ p is the p-adic cyclotomic character. Then from Theorem 5, the eigenform g must have complex multiplication.
Remark 5.3. In [7] Theorem 1.3, Emerton proved that if the assumption in the above proposition is true for all primes p of K g over p, then g is a CM eigenform. Hence the above proposition can be regarded as an improvement of his theorem. Also in [10] Section 6, Ghate discussed the case when p divides the level N . In this case he explained that one can also attach to the eigenform g a primitive form f with the same weight and level as g. Then he proved that f is in the image of θ if and only if the restriction of ρ g,p to the inertia group I p splits (we need to emphasize here that Ghate's argument works for all weights, but we restrict ourselves to the weight two case where Theorem 5 is applicable). Hence the result in Theorem 5 also applies and the above proposition still holds in this case.
